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Abstract

In this paper we present a brief outline of the Fisher’s solution to the
Behrens-Fisher problem and its generalization to the problem of multiple
comparisons with unequal variances by the method of generalized p-values
as well as the methods to calculate the p-values required for deriving the
conservative joint confidence interval estimates for the pairwise mean differ-
ences, refered to as the generalized Scheffé intervals.
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1 Introduction

Several different solutions to the Behrens-Fisher problem have been proposed in the
literature, among the others see e.g. Fisher (1935), Welch (1947), Scheffé (1970),
Lee and Gurland (1975), and Robinson (1982). Based on the result of Robinson
(1976), a strong theoretical support was given to the original Fisher’s solution who
derived the result using his theory of statistical inference called fiducial probability
which is known, in other cases, to lead to paradoxes. But this is not the only way
in which the solution to the problem can be justified, see e.g. Barnard (1984),
Meng (1994) and Weerahandi (1995b).

In this paper, we use the equivalent solution to the Behrens-Fisher problem
based on the method of generalized p-values, originally suggested by Tsui and
Weerahandi (1989). This method allows to generalize the Fisher’s solution to the
case of multiple comparisons, see Weerahandi (1995a) and Weerahandi (1995b).

The exact p-values required for deriving the conservative joint confidence inter-
val estimates for the pairwise mean differences, here refered to as the generalized
Scheffé intervals, can be calculated by one-dimensional numerical integration.
∗The research has been supported by the grant VEGA 1/7295/20 from the Scientific Grant

Agency of the Slovak Republic.
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2 The Fisher’s distribution

The Fisher’s solution is based on the d(θ) statistic,

d(θ) =
(Ȳ1 − Ȳ2)− θ√
S2

1/n1 + S2
2/n2

, (1)

where θ = µ1−µ2, and Ȳi and S2
i denote the sample mean and the sample variance,

respectively, of the random sample Yi1, . . . , Yini , with sample size ni ≥ 2, from the
normal population with mean µi and variance σ2

i , i = 1, 2. We denote by ȳi
the observed sample mean and by s2

i the observed sample variance. Then, given
θ, we denote by dobs(θ) the observed value of the d(θ) statistic. Fisher derived,
using his fiducial argument, that given s2

1, s2
2, and the true value of θ, the Fisher’s

distribution of d(θ) (or simply the distribution of d) is that of a linear combination
of two independent Student’s t random variables tf1 and tf2 with f1 = n1− 1 and
f2 = n2 − 1 degrees of freedom, i.e.

d ∼ sϕtf1 − cϕtf2 ≡ sϕtf1 + cϕtf2 , (2)

with

sϕ =

√
(s2

1/n1)
(s2

1/n1) + (s2
2/n2)

, cϕ =

√
(s2

2/n2)
(s2

1/n1) + (s2
2/n2)

, (3)

or equivalently, sϕ = sin(ϕ), cϕ = cos(ϕ), and ϕ = arctan
√

(s2
1/n1)/(s2

2/n2).
The Fisher’s test rejects the null hypothesis H0 : θ = θ0 (typically θ0 = 0)

against the alternative H1 : θ 6= θ0 if

|dobs(θ0)| > γ1−α2 , (4)

or if the adequate Behrens-Fisher p-value p(dobs(θ0)) is sufficiently small, that is
if

p0 = p(dobs(θ0)) = 2 [1− Pr{sϕtf1 + cϕtf2 ≤ |dobs(θ0)|}]
= 2

[
1−F (d)

[f1,f2,ϕ](|dobs(θ0)|)
]
< α, (5)

where α is the chosen nominal significance level of the test and F (d)
[f1,f2,ϕ] is the cdf

of the random variable d. By γ1−α2 we denote the critical value (the upper cut-off
point) of the distribution of d,

γ1−α2 = F−1(d)
[f1,f2,ϕ]

(
1− α

2

)
. (6)

Because of symmetry of the distribution we have γα
2

= −γ1−α2 .
The 100 × (1 − α)% interval estimate of θ based on d(θ) is defined as a set

Θ1−α = {θ0 : p(dobs(θ0)) ≥ α} and is given as

(ȳ1 − ȳ2)± γ1−α2

√
s2

1

n1
+
s2

2

n2
. (7)

The critical values γ1−α2 have been tabulated for some combinations of α, f1,
f2, and ϕ, see e.g. Fisher and Yates (1975).
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3 Solution based on the generalized p-values

The concept of generalized p-values has been introduced by Tsui and Weerahandi
(1989). For the brief outline of the method see also Witkovsky (2001).

The solution to the Berens-Fisher problem by the method of generalized p-
values is based on the random vector (Ȳ1, Ȳ2, S

2
1 , S

2
2) which consists a set of suffi-

cient statistics for the parameters of the distribution. We notice, that

Ȳ1 ∼ N
(
µ1,

σ2
1

n1

)
, and Ȳ2 ∼ N

(
µ2,

σ2
2

n2

)
, (8)

f1

σ2
1

S2
1 ∼ χ2

f1
, and

f2

σ2
2

S2
2 ∼ χ2

f2
, (9)

are mutually independent random variables.
The hypothesis of interest is

H0 : θ = θ0 against H1 : θ 6= θ0. (10)

In this testing problem the parameter of interest is θ, θ = µ1 − µ2, and (σ2
1 , σ

2
2) is

the vector of nuisance parameters.
For testing H0 and interval estimation of θ we shall define a generalized test

variable D2(θ0) = D2((Ȳ1, Ȳ2, S
2
1 , S

2
2), (ȳ1, ȳ2, s

2
1, s

2
2), θ0, (σ2

1 , σ
2
2))

D2(θ0) =
(Ȳ1 − Ȳ2 − θ0)2

(σ2
1/n1 + σ2

2/n2)

(
σ2

1

n1

s2
1

S2
1

+
σ2

2

n2

s2
2

S2
2

)
. (11)

Notice that D2
obs(θ0) = ((ȳ1 − ȳ2) − θ0)2 does not depend on the nuisance

parameters.
If θ = θ0, the distribution of D2(θ0) (or simply the distribution of D2) is given

as

D2 ∼ χ2
1

(
(s2

1/n1)
χ2
f1
/f1

+
(s2

2/n2)
χ2
f2
/f2

)
, (12)

where by χ2
1, χ2

f1
and χ2

f2
we denote the independent random variables with chi-

square distribution with 1, f1 and f2 degrees of freedom. Given (ȳ1, ȳ2, s
2
1, s

2
2) and

(σ2
1 , σ

2
2), D2(θ0) is stochastically increasing for θ > θ0 and stochastically decreasing

for θ < θ0.
For given θ0 the generalized p-value is defined as

p(D2
obs(θ0)) = Pr

{
D2 > D2

obs(θ0)
}
. (13)

Hence, the significance test of the hypothesis H0 is based on p0 = p(D2
obs(θ0)):

p0 = 1− Pr

{
χ2

1

(
(s2

1/n1)
χ2
f1
/f1

+
(s2

2/n2)
χ2
f2
/f2

)
≤ ((ȳ1 − ȳ2)− θ0)2

}
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= 1− Pr

{
χ2

1

(
f1s

2
ϕ

χ2
f1

+
f2c

2
ϕ

χ2
f2

)
≤ d2

obs(θ0)

}
= 1−F (F 1

12)

[1,f1,f2,ϕ](d
2
obs(θ0)), (14)

where F (F 1
12)

[1,f1,f2,ϕ] is the cdf of the random variable

F 1
12 ∼ χ2

1

(
f1s

2
ϕ

χ2
f1

+
f2c

2
ϕ

χ2
f2

)
. (15)

We reject H0 if the p-value p0 is small (smaller than the nominal significance level
α), or if

d2
obs(θ0) > F−1(F 1

12)

[1,f1,f2,ϕ](1− α). (16)

Note, that (14) is equivalent to

p0 = 1− Pr

{
−d

2
obs(θ0)
χ2

1

+
f1s

2
ϕ

χ2
f1

+
f2c

2
ϕ

χ2
f2

≤ 0

}
, (17)

i.e. the p-value p0 is a function of the cdf of a linear combination of indepen-
dent inverted chi-square random variables. Exact values can be calculated by the
method suggested by Witkovský (2001), which requires one-dimensional numerical
integration.

We note, that the p-value (14) is equal to the Behrens-Fisher p-value (5). If
we denote

γ1
12,1−α =

√
F−1(F 1

12)

[1,f1,f2,ϕ](1− α), (18)

then γ1
12,1−α = γ1−α2 , where γ1−α2 is defined by (6), and the 100×(1−α)% interval

estimate of θ based on the generalized p-values is given as

(ȳ1 − ȳ2)± γ1
12,1−α

√
s2

1

n1
+
s2

2

n2
. (19)

4 Generalization to the multiple comparisons

Consider now k ≥ 2 independent samples from normal populations, Yi1, . . . , Yini ,
with sample sizes ni and with possibly unequal means µi and variances σ2

i , i =
1, . . . , k.

Let Ȳi = (1/ni)
∑ni
j=1 Yij be the sample means and let S2

i = (1/fi)
∑ni
j=1(Yij −

Ȳi)2 be the sample variances, fi = ni− 1. Then Ȳi ∼ N (µi, σ2
i /ni) and fiS2

i /σ
2
i ∼

χ2
fi

are mutually independent random variables. Further, let ȳi be the observed
value of Ȳi and let s2

i be the observed value of S2
i , i = 1, . . . , k. Hence, the observed

value of the random vector Ȳ = (Ȳ1, . . . , Ȳk)′ is ȳ = (ȳ1, . . . , ȳk)′, and the observed
value of the random vector S2 = (S2

1 , . . . , S
2
k)′ is s2 = (s2

1, . . . , s
2
k)′.
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Let µ = (µ1, . . . , µk)′, σ2 = (σ2
1 , . . . , σ

2
k)′, and let

R =


1 −1 0 . . . 0
1 0 −1 . . . 0
...

...
1 0 0 . . . −1

 , (20)

R being an (κ×k)-matrix, κ = k−1. We will denote θ = Rµ, i.e. θ = (θ1, . . . , θκ)′

with θi = µ1 − µi+1. Then, additionally assuming that Rȳ − θ0 6= 0, the sig-
nificance test of the null hypothesis on all contrasts H0 : λ′θ = λ′θ0 for all
λ ∈ Rκ against the alternative H1 : λ′θ 6= λ′θ0 for some λ ∈ Rκ, with θ0 =
(θ01, . . . , θ0κ)′, (typically θ0 = 0), will be based on the generalized test variable
Fκ(θ0) = Fκ(Ȳ , S2, ȳ, s2, θ0, σ

2), where

Fκ(θ0) =
(RȲ − θ0)′[RV R′]−1(RȲ − θ0)
(Rȳ − θ0)′[RWR′]−1(Rȳ − θ0)

, (21)

with

V = diag
(
σ2

1

n1
, . . . ,

σ2
k

nk

)
and W = diag

(
σ2

1

n1

s2
1

S2
1

, . . . ,
σ2
k

nk

s2
k

S2
k

)
. (22)

Note that, Fκobs(θ0) = Fκ(ȳ, s2, ȳ, s2, θ0, σ
2) = 1. Under H0 we have (RȲ −

θ0) ∼ N (0, RV R), and hence, (RȲ − θ0)′[RV R′]−1(RȲ − θ0) ∼ χ2
κ. On the other

hand, the denominator of Fκ(θ0) is stochastically independent on the nominator
and (Rȳ − θ0)′[RWR′]−1(Rȳ − θ0) ∼ q(ȳ, s2, θ0, χ

2
f1
, . . . , χ2

fk
) with

RWR′ ∼



(s21/n1)

χ2
f1
/f1

+ (s22/n2)

χ2
f2
/f2

(s21/n1)

χ2
f1
/f1

. . .
(s21/n1)

χ2
f1
/f1

(s21/n1)

χ2
f1
/f1

(s21/n1)

χ2
f1
/f1

+ (s23/n3)

χ2
f3
/f3

. . .
(s21/n1)

χ2
f1
/f1

...
...

. . .
...

(s21/n1)

χ2
f1
/f1

(s21/n1)

χ2
f1
/f1

. . .
(s21/n1)

χ2
f1
/f1

+ (s2k/nk)

χ2
fk
/fk

 .

(23)
If θ = θ0, the distribution of Fκ(θ0) (or simply the distribution of Fκ) is given as

Fκ ∼ χ2
κ

q(ȳ, s2, θ0, χ2
f1
, . . . , χ2

fk
)
, (24)

and does not depend on the vector of nuisance parameters σ2.
For given θ0 the generalized p-value is defined as

p(Fκobs(θ0)) = Pr {Fκ > Fκobs(θ0)} . (25)

Hence, the significance test of the hypothesis H0 is based on p0 = p(Fκobs(θ0)):

p0 = 1− Pr

{
χ2
κ

q(ȳ, s2, θ0, χ2
f1
, . . . , χ2

fk
)
≤ 1

}
, (26)
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and the 100 × (1 − α)% confidence set for θ based on the generalized p-values is
defined as a set

Θκ
1−α = {θ0 : p(Fκobs(θ0)) ≥ α} . (27)

From (26) we have

p0 = 1− Pr
{
χ2
κ ≤ q(ȳ, s2, θ0, χ

2
f1
, . . . , χ2

fk
)
}

= 1− Pr
{
χ2
κ ≤ (Rȳ − θ0)′[RWR′]−1(Rȳ − θ0)

}
≤ 1− Pr

{
χ2
κ ≤

(λ′(Rȳ − θ0))2

λ′RWR′λ

}
= pλ0 , (28)

for each fixed non-zero vector λ = (λ1, . . . , λκ)′, λ ∈ Rκ. In general,

p0 ≤ pλ∗0 = inf
λ∈Rκ

pλ0 , (29)

note that the equality p0 = pλ∗0 holds true if κ = 1. The p-value p0 can be calcu-
lated numerically by a method which requires in general κ-dimensional numerical
integration, see Weerahandi (1995b). However, for any λ ∈ Rκ we can calculate

pλ0 = 1− Pr

{
−

(
∑κ
i=1 λi((ȳ1 − ȳ1+i)− θ0i))

2

χ2
κ

+
κ∑
i=0

λ2
i

(s2
1+i/n1+i)
χ2
f1+i

/f1+i
≤ 0

}
, (30)

where λ2
0 = (

∑κ
i=1 λi)

2. Note, that the p-value pλ0 can be represented as a func-
tion of the cdf of a linear combination of independent inverted chi-square random
variables and the exact values can be calculated by the method suggested by
Witkovský (2001).

Consider now the problem of pairwise multiple comparisons. Then for i =
1, . . . , k and j = i+ 1, . . . , k we define p(ij)

0 = pλ
(ij)

0 , i.e.

p
(ij)
0 = 1− Pr

{
χ2
κ

(
(s2
i /ni)
χ2
fi
/fi

+
(s2
j/nj)

χ2
fj
/fj

)
≤
(

(ȳi − ȳj)− θ(ij)
0

)2
}

= 1− Pr

{
χ2
κ

(
fis

2
ϕij

χ2
fi

+
fjc

2
ϕij

χ2
fj

)
≤ d2

ij,obs

(
θ

(ij)
0

)}
= 1−F (Fκij)

[κ,fi,fj ,ϕij ]

(
d2
ij,obs

(
θ

(ij)
0

))
, (31)

where θ(ij)
0 = µi0 − µj0, F (Fκij)

[κ,fi,fj ,ϕij ]
is the cdf of the random variable

Fκij ∼ χ2
κ

(
fis

2
ϕij

χ2
fi

+
fjc

2
ϕij

χ2
fj

)
, (32)

and further,

dij,obs

(
θ

(ij)
0

)
=

(ȳi − ȳj)− θ(ij)
0√

s2
i /ni + s2

j/nj
, (33)
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Diagnosis ni ȳi s2
i

CONTR 11 6.7194 3.7092
AML 25 11.6970 40.4761
BALL 8 8.2017 7.8417
CLL 7 5.4709 0.9178
CML 7 16.5356 33.8495
NHL 11 15.2078 64.0564
TALL 12 10.7675 21.3017

Table 1: The mean basal DNA damage of patients with hematological malignacies

and s2
ϕij = sin2(ϕij), c2ϕij = cos2(ϕij), and ϕij = arctan

√
(s2
i /ni)/(s

2
j/nj). Note

that the p-value p(ij)
0 given by (31) is a generalization of the Behrens-Fisher p-value

p0 given by (5) and (14).
The conservative joint 100 × (1 − α)% confidence interval estimates for the

pairwise mean differences θ(ij) = µi − µj , refered to as the generalized Scheffé
intervals, are given as

(ȳi − ȳj)± γκij,1−α

√
s2
i

ni
+
s2
j

nj
, (34)

i = 1, . . . , k, and j = i+ 1, . . . , k.
The critical values

γκij,1−α =

√
F−1

(Fκ
ij

)

[κ,fi,fj ,ϕij ]
(1− α), (35)

can be calculated numerically by solving the equation

1− α = Pr

{
−
(
γκij,1−α

)2
χ2
κ

+
fis

2
ϕij

χ2
fi

+
fjc

2
ϕij

χ2
fj

≤ 0

}
. (36)

5 Example

Bačová et al. (1998) used single cell gel electrophoresis to evaluate the level of DNA
damage measured in per cent of tail DNA in peripheral blood, bone marrow, and
lymphatic node cells of patients with acute lymphoblastic leukemia ALL, (ALL
of T-cell subtype is denoted by TALL, ALL of early B-cell subtype is denoted
by BALL), acute myeloid leukemia AML, chronic lymphocytic leukemia CLL,
chronic myeloid leukemia CML and non-Hodgkin’s lymphoma NHL. The level of
DNA damage is to be compared with the level of basal DNA damage in control
group CONTR, represented by healthy donors.

The mean basal DNA damage increased in order

CLL < BALL < TALL < AML < NHL < CML,
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Individual comparisons Multiple comparisons
Contrast ȳi − ȳj p-value 95% CI p-value 95% CI
CONTR-AML -4.9776 **0.0016 -7.8955 -2.0596 *0.0935 -10.4225 0.4674
CONTR-BALL -1.4822 0.2433 -4.1410 1.1766 0.9476 -6.7265 3.7621
CONTR-CLL 1.2485 0.1074 -0.3122 2.8093 0.7990 -1.7766 4.2737
CONTR-CML -9.8162 **0.0045 -15.3350 -4.2973 *0.0922 -21.1516 1.5193
CONTR-NHL -8.4884 **0.0062 -14.0082 -2.9685 0.1663 -19.3035 2.3267
CONTR-TALL -4.0481 **0.0166 -7.2406 -0.8555 0.3474 -10.1992 2.1031
AML-BALL 3.4954 *0.0501 -0.0025 6.9932 0.6371 -3.1253 10.1160
AML-CLL 6.2261 **0.0001 3.4599 8.9923 **0.0103 1.0441 11.4081
AML-CML -4.8386 *0.0982 -10.7875 1.1103 0.7503 -16.7696 7.0923
AML-NHL -3.5108 0.2277 -9.4697 2.4480 0.9461 -14.9971 7.9754
AML-TALL 0.9295 0.6292 -2.9869 4.8459 0.9997 -6.4290 8.2880
BALL-CLL 2.7307 **0.0355 0.2368 5.2247 0.4598 -2.2671 7.7286
BALL-CML -8.3340 **0.0116 -14.1723 -2.4957 0.2110 -20.1458 3.4779
BALL-NHL -7.0062 **0.0226 -12.8482 -1.1642 0.4000 -18.3539 4.3416
BALL-TALL -2.5659 0.1630 -6.2975 1.1658 0.8936 -9.7417 4.6100
CLL-CML 11.0647 **0.0024 -16.5103 -5.6191 *0.0535 -22.3012 0.1718
CLL-NHL -9.7369 **0.0025 -15.1810 -4.2929 *0.0829 -20.4394 0.9656
CLL-TALL -5.2966 **0.0026 -8.3531 -2.2401 *0.0946 -11.2340 0.6408
CML-NHL 1.3278 0.7088 -6.2335 8.8890 0.9999 -13.4038 16.0594
CML-TALL 5.7681 *0.0605 -0.3187 11.8549 0.6143 -6.3927 17.9289
NHL-TALL 4.4403 0.1407 -1.6539 10.5346 0.8651 -7.2980 16.1787

Table 2: Analysis of the DNA damage data. By ∗ we denoted the p-values less
than 0.1, by ∗∗ we denoted the p-values less than 0.05.

what correlated with survival prediction of patients with particular hematological
disease. A large heterogeneity was found in the level of basal DNA damage among
patients with AML and NHL.

Heparinized blood, bone marrow samples and lymphatic nodes of 70 patients
with hematological malignacies and of 11 healthy donors, respectively, were ob-
tained1 from the National Cancer Institute and from the Department of Pediatric
Oncology of University Children’s Hospital, Bratislava, Slovak Republic. For illus-
tration purposes, we present simplified analysis. For each patient we calculated the
mean level of DNA damage. Based on such data we calculated the sample means
and the sample variances for each type of diagnosis, including control group of
healthy donors. The data in agregated form are presented in the Table 1. In the
Table 2 we present the results of individual as well as multiple comparisons. The
individual comparisons lead to the problem of comparing equality of the mean
basal DNA damage for each two diagnosis separately, in this case we set κ = 1.
The multiple comparisons give us an answer to the question if the method based
on measuring basal DNA damage could be a potential diagnostic tool for the pa-
tients with hematological maligancies, in this case we set κ = 6. The answers to

1The data were kindly provided by Gabriela Bačová of the Cancer Research Institute, Slovak
Academy of Sciences, Bratislava, Slovak Republic.
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the above questions are readily available from the results presented in the Table 2.
However, in this paper, we leave this discussion without any further comment.
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